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HOLDER SINGULAR METRICS ON BIG LINE BUNDLES AND EQUIDISTRIBUTION 


DAN COMAN, GEORGE MARINES CU, AND VIET-ANH NGUYEN 


Abstract. We show that normalized currents of integration along the common zeros of 
random m-tuples of sections of powers of m singular Hermitian big line bundles on a 
compact Kahler manifold distribute asymptotically to the wedge product of the curvature 
currents of the metrics. If the Hermitian metrics are Holder with singularities we also 
estimate the speed of convergence. 
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1. Introduction 

Random polynomials or more generally holomorphic sections and the distribution of 
their zeros represent a classical subject in analysis IlBPl FT, Hj [KB, and they have been 
more recently used to model quantum chaotic eigenfunctions flBBLl INV11 . 

This area witnessed intense activity recently iTBLl [BS . BM P . IDMSl DSl 3 SZ, 1ST], and 
especially results about equidistribution of holomorphic sections in singular Hermitian 
holomorphic bundles were obtained [ CM1 , CM2. CM3 . CMM . IDMM 1 with emphasis on 
the speed of convergence. The equidistribution is linked to the Quantum Unique Ergod- 
icity conjecture of Rudnick-Sarnak flRSlI . cf. IHS. Marl. 
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The equidistribution of common zeros of several sections is particularly interesting. 
Their study is difficult in the singular context and equidistribution with the estimate of 
convergence speed was established in UDMMlI for Holder continuous metrics. 

In this paper we obtain the equidistribution of common zeros of sections of m singular 
Hermitian line bundles under the hypothesis that the metrics are continuous outside 
analytic sets intersecting generically. We will moreover introduce the notion of Holder 
metric with singularities and establish the equidistribution with convergence speed of 
common zeros. 

Let (.X, u) be a compact Kahler manifold of dimension n and dist be the distance on X 
induced by c o. If (L, h) is a singular Hermitian holomorphic line bundle on X we denote 
by ci(L, h) its curvature current. Recall that if is a holomorphic frame of L on some 
open set U C X then Mh = e 2rt> , where f £ L] oc {U) is called the local weight of the 
metric h with respect to e L , and ci(L, h)\ v = dd c f. Here d = d + d, d c = £-{8 — d). We 
say that h is positively curved if ci(L, h) > 0 in the sense of currents. This is equivalent to 
saying that the local weights f are plurisubharmonic (psh). 

Recall that a holomorphic line bundle L is called big if its Kodaira-Iitaka dimension 
equals the dimension of A" (see lIMMll Definition 2.2.5]). By the Shiffman-Ji-Bonavero- 
Takayama criterion [MMl , Lemma 2.3.6], L is big if and only if it admits a singular metric 
h with ci(L, h) > eu for some e > 0. 

Let (L*;, hk), 1 < k < m < n, be m singular Hermitian holomorphic line bundles on 
(A ,u). Let (X, L p k ) be the Bergman space of L 1 2 -holomorphic sections of L p k := L® p 

relative to the metric hk, p h k p induced by hk and the volume form c u n on X, endowed 
with the inner product 

(1) (S,S%,:= [ S,S'£H? 2) (X,Ll). 

J X 

Set ||S'||^ p = (S, S)k, p , d ktP = dim H^(X, L p k ) — 1. For every p > 1 we consider the multi- 
projective space 

(2) X p := P H[ 2) (A, L p ) x ... x PW ( ° 2) (A, L P J 

equipped with the probability measure a p which is the product of the Fubini-Study vol¬ 
umes on the components. If 5 e H°( A, L p ) we denote by [S = 0] the current of integra¬ 
tion (with multiplicities) over the analytic hypersurface {S = 0} of A". Set 

[s P 0] • [spi 0] A ... A 0], for s p (spi, • • •, s pm ) £ Xp, 

whenever this is well-defined (cf. Section [3]). We also consider the probability space 

OO 

(LI, (Too) . ^|(X P , Up) . 

p= 1 

Let us recall the following: 

Definition 1.1. We say that the analytic subsets A k ,, A m , m < n, of a compact complex 
manifold X of dimension n are in general position if codim A it fl ... D A ik > k for every 

1 <k<m and 1 < i\ < ... < i k < m. 
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Here is our first main result. 


Theorem 1.2. Let (Af, cu) be a compact Kahler manifold of dimension n and (L k , h k ), 1 < 
k < m < n, be m singular Hermitian holomorphic line bundles on X such that h k is 
continuous outside a proper analytic subset £ (h k ) C X, ci(L k ,h k ) > ecu on X for some 
e > t), and £(bi),..., E (h m ) are in general position. Then for cr^-a.e. {s p } p >i e fi, we have 
in the weak sense of currents on X, 

~pm 0] ^ Ci(-bi) hf) A ... A Ci(L m , h m ) as p y oo . 

In order to prove this theorem we show in Theorem 14.21 that the currents [s p = 0] 
distribute as p —* oo like the wedge product of the normalized Fubini-Study currents of 
the spaces L/|L (X, L p k ) defined in (ITOl) below. Then in Proposition 13.II we prove that the 
latter sequence of currents converges to ci(Li, hf) A ... A ci(L m , h m ). 

Our second main result gives an estimate of the speed of convergence in Theorem 11.21 
in the case when the metrics are Holder with singularities. 


Definition 1.3. We say that a function f : U —y [—oo, oo) defined on an open subset 
U C X is Holder with singularities along a proper analytic subset E c A" if there exist 
constants c, p > 0 and 0 < v < 1 such that 


(3) 


l</>0) - 0HI < 


c dist(z, w) u 

min{dist(z, E), dist (w , E)} e 


holds for all z,w e U \ E. A singular metric h on L is called Holder with singularities along 
a proper analytic subset Eel if all its local weights are Holder functions with singularities 
along E. 


Hdlder singular Hermitian metrics appear frequently in complex geometry and pluri- 
potential theory. Let us first observe that metrics with analytic singularities IIMMll Def¬ 
inition 2.3.9], which are very important for the regularization of currents and for tran¬ 
scendental methods in algebraic geometry HBDl 1CM3 , D3, D4, D6ll . are Holder metrics 
with singularities. The class of Hdlder metrics with singularities is invariant under pull¬ 
back and push-forward by meromorphic maps. In particular, this class is invariant under 
birational maps, e. g. blow-up and blow-down. They occur also as certain quasiplurisub- 
harmonic upper envelopes (e. g. Hermitian metrics with minimal singularities on a big 
line bundle, equilibrium metrics, see [BB, DMM[ DMN I. especially llBDl Theorem 1.4]). 

Theorem 1.4. In the setting of Theorem 13.21 assume in addition that h k is Hdlder with 
singularities along £(b fc ) and set £ := £(bi) U ... U £(b m ). Then there exist a constant 
£ > 0 depending only on m and a constant c = c(X, L 1; hi,.. ., L m , h m ) > 0 with the 
following property: For any sequence of positive numbers {A p } p >i such that 

lim inf > (1 + £n)c, 
p-^oo logp 

there are subsets E p c X p such that for p large enough, 

(a) a p (E p ) < cp^ n exp(—Ap/c), 
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(b) ifs p eX p \E p we have 


pii 


L s p = 


o] - A Cl (L k ,h k ),<j> 


k =1 


< C 


Ap + 1 
P P 


log dist(supp dd c (j), E) ) \\(j)\\^ , 


for any form f of class X 2 such that dd c f> = 0 in a neighborhood of E. 


Here supp denotes the support of the form fj. Let P p be the Bergman kernel function 
of the space H ( E (X, L p ) defined in (01). The proof of Theorem [TT4] uses the estimate for P p 
obtained in Theorem 12. II in the case when the metric h on L is Holder with singularities. 

One can also apply Theorem 12.II to study the asymptotics with speed of common zeros 
of random n-tuples of sections of a (single) big line bundle endowed with a Holder Her- 
mitian metric with isolated singularities. Let (L, h) be a singular Hermitian holomorphic 
line bundle on (X, uj) and H^(X,L P ) be the corresponding spaces of L 2 -holomorphic 
sections. Consider the multi-projective space 

K ■= (p H° 2) (X : L p )r 

endowed with the product probability measure o' p induced by the Fubini-Study volume 

on P H^(X, L p ), and let 

OO 

(v, o := n<x;. O • 

P=1 

If s p = (spi,..., s pn ) G X' p we let [s p = 0] = [s pl = 0] A ... A [s pn = 0], provided this 
measure is well-defined. 


Theorem 1.5. Let (. X,u ) be a compact Kahler manifold of dimension n and (L,h) be a 
singular Hermitian holomorphic line bundle on X such that h is Holder with singularities 
in a finite set E = {xi,... ,xj} C X, and ci(L, h) > eu for some e > 0. Then there exist 
C > 0, p 0 E N depending only on (X, ca, L, h), and subsets E p c X p such that: 

(a) <J p (Ep) < Cp~ 2 ; 

(b) For every p > p 0 , every s p 6l'\ E p , and every function y of class X 2 on X, 


IX 


X (jP [ s p = °] ~ci{L,hy 


< C 


logp 

~pTp 


In particular, this estimate holds for a'^-a.e. sequence {s p } p >i G O' provided that p is large 
enough. 


This paper is organized as follows. In Section [2| we prove a pointwise estimate for 
the Bergman kernel function in the case of Holder metrics with singularities. Section 
[3] is devoted to the study of the intersection of Fubini-Study currents and to a version 
of the Bertini theorem. In Section [4] we consider the Kodaira map as a meromorphic 
transform and estimate the speed of convergence of the intersection of zero-divisors of m 
bundles. We use this to prove Theorem II.21 Finally, in Section [5] we prove Theorem 11.41 
and Theorem II.51 


Acknowledgment. We thank Vincent Guedj for useful discussions regarding this paper. 
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2. Asymptotic behavior of Bergman kernel functions 

In this section we prove a theorem about the asymptotic behavior of the Bergman 
kernel function in the case when the metric is Holder with singularities. 

Let (L, h ) be a holomorphic line bundle over a compact Kahler manifold (A", u) of 
dimension n, where h is a singular Hermitian metric on L. Consider the space (A, L p ) 
of L 2 -holomorphic sections of L p relative to the metric h p := h® p induced by h and 
the volume form u n on X, endowed with the natural inner product (see 0])). Since 
H^(X,D°) is finite dimensional, let 0 be an orthonormal basis and denote by P p 

the Bergman kernel function defined by 

dp 

(4) P p (x) = Y \Sj(x)\ 2 hP , \S^x)\l := (S p (x),S p (x)) hP , x e X 

j=o 

Note that this definition is independent of the choice of basis. 


Theorem 2.1. Let (X, co) be a compact Kahler manifold of dimension n and (L,h) be a 
singular Hermitian holomorphic line bundle on X such that ci(L, h) > eu for some e > 0. 
Assume that h is Holder with singularities along a proper analytic subset £ of X and with 
parameters u, g as in ©. If P p is the Bergman kernel function defined by (@1) for the space 
i/ ( 0 2 )(X, L p ), then there exist a constant c > 1 and p 0 eN which depend only on (X, cu, L, h) 
such that for all z e X \ £ and all p > p 0 


(5) 


i r r> 2n / IJ 

- < P (z) < _—_• 

c ~ p — dist [z,YL) 2nQ l v 


Recall that by Theorem 5.3 in I CM1 1 we have liirip^.^ 1 log P p (z) = 0 locally uniformly 
on X \ £ for any metric h which is only continuous outside of £. Theorem 12.11 refines 
1 CM1 , Theorem 5.3] in this context, and it is interesting to compare it to the asymptotic 
expansion of the Bergman kernel function in the case of smooth metrics [EIC , IHM1IMMT1 
lMM2i mfZH. 


Proof The proof follows from 1CM1 . Section 5], which is based on techniques of Demailly 
HD11 Proposition 3.1], llD6l Section 9]. Let x 6 X and U a c X be a coordinate neighbor¬ 
hood of x on which there exists a holomorphic frame e a of L. Let ip a be a psh weight of 
h on U a . Fix r 0 > 0 so that the (closed) ball V B(x,2r 0 ) d U a and let U := B(x,r 0 ). 
By I CM1 . (7)] there exist constants ci > 0, p 0 e N so that 


log c i 
P 


<llogP pM < 10g(c - r ' 2 " ) +2 

P p 


( max t/lj, — tb a (z) 

\B(z,r) 


holds for all p > p 0 , 0 < r < r 0 and z e U with f> a (z) > —oo. 

For z e U \ £ and r < min{dist(z, £), r 0 } we have since is Holder that 


max lb a — 'fiaiz) A 

B(z,r) 


cr u 

(dist(z, £) 


r) 


e i 
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where c > 0 depends only on x. Taking r = dist(z, T,) e ^p x ! v < dist(z, £)/2 we obtain 
— logci < logP p (z) < logci - 2n log r + 2 g+1 cpr u dist(z, E) - * 3 

= c 0 + 2n log (dist(z, T,)~ e ^ u p 1 ^) . 

This holds for all z G U\ E and p > p 0 , with constants r 0 ,p 0 , c 0 , c\ depending only on x. 
A standard compactness argument now finishes the proof. □ 

3. Intersection of Fubini-Study currents and Bertini type theorem 

In this section we show that the intersection of the Fubini-Study currents associated 
to line bundles as in Theorem II.21 is well-defined. Moreover, we show that the sequence 
of wedge products of normalized Fubini-Study currents converges weakly to the wedge 
product of the curvature currents of (L k , h k ). We then prove that almost all zero-divisors 
of sections of large powers of these bundles are in general position in the sense of Defi¬ 
nition 11.11 

Let V be a vector space of complex dimension d+1. If V is endowed with a Hermitian 
metric, then we denote by uj fs the induced Fubini-Study form on the projective space 
P(V) (see 1 MM1 . pp. 65,212]) normalized so that u FS is a probability measure. We also 
use the same notations for P(V*). 

We keep the hypotheses and notation of Theorem 11.21 Namely, ( L kl h k ), 1 < k < 
m < 7i, are singular Hermitian holomorphic line bundles on the compact Kahler manifold 
(A", u>) of dimension n, such that h k is continuous outside a proper analytic subset T,(h k ) C 
X, ci(L fc , h k ) > euj for some £ > 0, and , S(/i m ) are in general position in the 

sense of Dehnition ll.il 

Consider the space H^(X,L p k ) of L 2 -holomorphic sections of L p k endowed with the 
inner product ©. Since ci(L k ,h k ) > euj , it is well-known that H^(X,L p k ) is nontrivial 
for p sufficiently large, see e. g. Proposition 14. 71 Let 

d k , P ■= dim W(° 2) (A", L k ) — 1. 

The Kodaira map associated to (L p k , h kyP ) is defined by 

(6) 4>fc jP : X G(4, P , tf ( ° 2 )(X, L p )) , $ fciP (x) := {s 6 W ( ° 2) (X, L p ) : s{x) = 0} , 

where G (d k:P , H^(X, L p k )) denotes the Grassmannian of hyperplanes in H^(X,L k ) (see 
1 MM1 . p. 82]). Let us identify G (d k:P , H^(X, L p k )) with P(//|^(X, L k )*) by sending a hy¬ 
perplane to an equivalence class of non-zero complex linear functionals on H^(X,L p k ) 
having the hyperplane as their common kernel. By composing with this identifica¬ 
tion, we obtain a meromorphic map 

(7) <F fc , p : X-+P (H° 2) (X,L p )*). 

To get an analytic description of let 

(8) S*’ r eH? 2) (X,Ll),j = 0,...,d Kr , 

be an orthonormal basis and denote by P k ^ p the Bergman kernel function of the space 
H^(X, L p k ) defined as in 0]). This basis gives identifications H^(X,L p k ) ~ C dk ’P +1 and 
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P(HUX, L p k )*~) ~ F dk ’P. Let U be a contractible Stein open set in X, let e k be a local 

holomorphic frame for L k on U, and write S k f p = s k,p e k p : where s k,p is a holomorphic 
function on U. By composing $ k , P given in © with the last identification, we obtain a 
meromorphic map : X —■» F dk ’P which has the following local expression 

(9) ®k, P ( x ) = ■ • • • : s J; p p ( x )] for xeU - 

It is called the Kodaira map defined by the basis {,Sj ' p }^Lq. 

Next, we define the Fubini-Study currents p k:p of II\\ 2j (X. L p k ) by 

( 10 ) y k ,p\u = ^dd c log^2 \s k,p \ 2 , 

3 =0 

where the open set U and the holomorphic functions s k f p are as above. Note that y k:P is a 
positive closed current of bidegree (1,1) on X, and is independent of the choice of basis. 
Actually, the Fubini-Study currents are pullbacks of the Fubini-Study forms by Kodaira 
maps, which justifies their name. 

Let u FS be the Fubini-Study form on pA, P . By ([9]) and (fTOl) . the currents y kjP can be 
described as pullbacks 

(ID 7m = ^, p K s ). 1 <k<m. 

We introduce the psh function 

d-k.p ^ 

(12) u ktP \= — log ^2 l s i’ P | 2 = Uk + Y l0g Pk,p ° n U ’ 

p j= 0 P 


where u k is the weight of the metric h k on U corresponding to e k , so \e k \ hk = e Uk . Clearly, 
by (TTOl) and (fT2l) . dd c u k)P = ^y k)P - Moreover, note that by (Il2l) . logPfc iP £ L 1 (9f, uj n ) and 


(13) 


- 7 k, P = Ci(L k , h k ) + dd c log P k)P 

p 2 p 


as currents onl. By I CM1 . Theorem 5.1, Theorem 5.3] (see also ICM1. (7)]) there exist 

c > 0, p 0 £ N, such that if p > po, 1 < k < m and z E X \ E(/i fc ), then P k , p ( z ) — c ■ (USD 
it follows that 


(14) 


Uk,p( Z ) ^ U k( Z ) + 


log c 

2 p 


z £ U, p > po, 1 < k < m. 


For p > 1 consider the following analjTic subsets of X: 


:= {xeX: Sj' p (x) = 0, 0 < j < d kjP |, 1 < k < m . 

Hence E fcp is the base locus of H^(X, L p k ), and T, kyP DU — {u k)P = —oo}. Note also that 
E(/ifc) fi U D {u k = — oo} and by (fl4l) we have c E (h k ) for p > p Q . 
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Proposition 3.1. In the hypotheses of Theorem \l ,2\ we have the following: 

(i) For all p sufficiently large and every J C {1,..., m} the analytic sets T, k ^, k e J, E (hf), 
£ E J' := { 1,..., m} \ J, are in general position. 

(ii) If pis sufficiently large then the currents 

A p A A ci(Lg, hg) 

k£j eeJ’ 

are well defined on X, for every J c {1,..., m}. 

(Hi) A 7i ,p A ... A 7 miP ->■ ci(Li, hf) A ... A ci(L m , h m ) as p ^ oo, in the weak sense of 
currents on X. 

Proof. As noted above we have by (fT4l) that E fe)P c E(/i fc ) for all p sufficiently large. 
Since E (hf ),..., E (h m ) are in general position this implies (i). Then (ii) follows by liD5l 
Corollary 2.11]. 

(Hi) Let U C X be a contractible Stein open set as above, u k)P , u k be the psh functions 
defined in (TT2l) . so dd c u k = ci(L k ,h k ) and dd c u ktP = ^y k)P on U. By 1 CM1 . Theorem 
5.1] we have that - log P k}P —> 0 in L 1 (A",o; n ), hence by (fl2l) . u k)P —* u k in Llc(U), as 
p —* oo, for each 1 < k < m. Recall that by dT4l) , u k:P > u k — ^ holds on U for all 
p sufficiently large and some constant C > 0. Then IlFSl Theorem 3.5] implies that 
dd c u\ )P A ... A dd c Um }P —> dd c u\ A ... A dd c u m weakly on U as p —y oo. □ 

We will need the following version of Bertini’s theorem. The corresponding statement 
for the case of a single line bundle is proved in 1 CM1 , Proposition 4.1]. 

Proposition 3.2. Let L k —> X, 1 < k < m < n, he holomorphic line bundles over a 
compact complex manifold X of dimension n. Assume that: 

(i) V k is a vector subspace of H°(X, L k ) with basis S k ,o, ■ ■ ■, S k ^ k , base locus BsV k := 
{S k ,o = ■■■ = S kt d k = 0} C X, such that d k > 1 and the analytic sets Bs Vi,..., Bs V m are in 
general position in the sense of Definition ll . 1\ 

(ii) Z(t k ) := {xeX \ Ejo t kjS kJ (x) = 0}, where t k = [t kfi f Mj J e P dfc . 

(iii) v = pi x ... x p m is the product measure on P dl x ... x F dm , where p k is the 

Fubini-Study volume on P dfc . 

Then the analytic sets Z(t ±),..., Z(t m ) are in general position for v-a.e. (ti ,..., t m ) e 

Proof. If 1 < l\ < ... < l k < m let vi lm „i k — pp x ... x pi k be the product measure on 
P d; i x ... x P d ‘k. For 1 < k < m consider the sets 

U k = {(t h , ■ ■ .,t h ) e P di i x ... x F dl k : dim Z(t h ) fl... fl Z(t h ) n A, < n - k - j} , 

where 1 < l\ < ... < l k < m, j — 0 and A 0 = 0, or 1 < j < m — k and Aj = 

Bs Vii fl... fl Bs V ij for some ii < ... < ij in {1,..., m} \ {h ,..., l k }. 

The proposition follows if we prove by induction on k that 

vh...i k (Uk) = 1 
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for every set U k with 1 < 4 < ... < l k < m, 0 < j < m — k and Aj as above. Clearly, 
it suffices to consider the case {4, ..., l k } = {1,..., k}. To simplify notation we set u k := 

V\ ...k- 

Let k — 1. If j — 0, A 0 = 0, so U\ = {4 G P dl : dim Z(4) < n — 1} = F dl . Assume next 
that 1 < j < m — 1 and write Aj = D t U B, where D t are the irreducible components 
of Aj of dimension n — j and dim B < n — j — 1. We have that {4 G F dl : c Z(4)} 

is a proper linear subspace of P dl . Indeed, otherwise Di c Bs V\, so dim Aj n Bs Vi = 
n — j, which contradicts the hypothesis that Bs 14,..., Bs V m are in general position. If 
ti g P dl \ U\ then dim Z(t\) D Aj > n — j. Since Z(t\) D Aj is an analytic subset of Aj, it 
follows that Di c Z(ti) fl Aj for some /, hence P dl \ U\ — U/=i(^i e P dl ■ Di c Z(ti)}. 
Therefore /h(P dl \ U\ ) = 0. 

We assume now that v k {U k ) = 1 for any set U k as above. Let 

£4+i = {(fi,..., 4+i) G P dl x ... x F dk+1 : dimZ(ti) fl... fl Z(t k+1 ) fl Aj < n - k - 1 - j} , 

where 0 < j < m—k—l, A 0 = 0, or Aj = Bs V h fl.. .fiBs V l;i with k +2 < i x < ... < ij < m. 

Consider the set U — U' fl U", where 

U' = {(fi,..., 4) G P dl x ... x P dfc : dim Z(fi) fl... fl Z{t k ) fl Aj < n — k — j}, 

U" — {(fi,..., 4) G P dl x ... x P dfc : dim Z(t\) (T... DZ(4) DBs 14 +1 fl Aj < n — k— j — 1}. 

By the induction hypothesis we have v k {U') = v k {U”) = 1, so v k {U) = 1. To prove that 
v k+ i{U k+ i) = 1 it suffices to show that 

v k+l (W) = 0, where W := (U x P d *+ 1 ) \ U k+1 . 

To this end we fix f := (4,..., t k ) G U, we let 

Z{t) := Z(fi) n ... n Z(t k ) , W (f) := {4+i G P dfc +! : dim Z{t) fl Aj ft Z{t k+ i) > n — k — j}, 
and prove that /.i k+ i(W(t )) = 0. 

Since f G U C U' we can write Z (f) fl Aj = Di U B, where Di are the irreducible 
components of Z (f) fl Aj of dimension n — k—j and dim B < n — k — j — 1. If 4+i € W (f) 
then Z{t) fl Aj D Z(f fc +i) is an analytic subset of Z{t) fl Aj of dimension n — k — j, so 
Di c Z(t) fl Aj n Z(4+i) for some 1. Thus 

N 

wit) = U^(f), where F,(f) := {4+i e P dfc+1 : D, C Z(4+i)}- 

i=i 

If Di c Bsl4+i then dimZ(f) fl Aj D Bsl4+i = n — k — j, which contradicts the fact 
that f G U". Hence the sections in 14 +1 cannot all vanish on D h so we may assume that 

Sk+i,d k+1 ^ 0 on Di. We have F,(f) C {4+i , 0 = 0} U Hi(t) where 

Hi(t) := {[1 : 4+ip : . . . : ffe+i,rf fc+1 ] £ P dfc+1 : A C Z([l : 4++i : . . . : ffc+i,d fc+ i])} • 

For each ( 4 + 1,1 : ... : 4+i,d fc+ 1 -i) £ C dfc+1_1 there exists at most one ( G C with [1 : 4 + 1,1 : 

... : 4+i,<4 +1 -i : C] G A(f). Indeed, if ( ^ (' have this property then 

Sfc+i .0 + 4+i,i<S'fc+i,i + • • • + ffe+i,d fc+ i-i<S'fc+i, 4 +1 -i + aSk+i,d k+1 =0 on Di, 
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for a = hence S k+ i,d k+1 = 0 on D t , a contradiction. It follows that p k+1 (Hi(t)) = 0, 


so = 0. Hence p k+ i(W(t)) = 0 and the proof is complete. □ 

We return now to the setting of Theorem 11.21 If {S k,p }'*=g is an orthonormal basis of 
H^iX, L p k ). we define the analytic hypersurface Z(t k ) c X, for t k = [t fei0 : ... : t k ,d kp ] G 


P dk -p, as in Proposition [3T2] (ii). Let p k)P be the Fubini-Study volume on F dk ’ p , 1 < k < m, 
p > 1, and let p p = p l p x ... x /z m p be the product measure on P dl p x ... x P dm ’ p . Applying 
Proposition[3T2] we obtain: 

Proposition 3.3. In the above setting, ifp is sufficiently large then for /i p -a.e. (ti ,..., t m ) G 
P dl ’p x ... x F drn ’ p the analytic subsets Z{tf ),..., Z(t m ) C X are in general position, and 
Z(t it ) n ... n Z(t ik ) has pure dimension n — kfor each 1 < k < m, 1 < < ... < i k < m. 

Proof. Let V kiP ■— H^(X,L p k ), so Bsl4 jP = E fcjP . By Proposition 13.11 E liP ,..., E mjP are 
in general position for all p sufficiently large. We fix such p and denote by [Z[t k )\ the 
current of integration along the analytic hypersurface Z(t k )', it has the same cohomology 
class as pci(L k , h k ). Proposition 13.21 shows that the analytic subsets Z(tf ),..., Z{t m ) are 
in general position for p p -a.e. (t\,... ,t m ) e F dl ’ p x ... x P d ™.p. Hence if 1 < k < m, 
1 < < ... < 4 < m, the current [Zft^f A ... A [Z(t ik )\ is well defined by liD5l Corollary 

2.11] and it is supported in Zft.^) n ... D Z{t ik ). Since ci(L k , h k ) > eta, it follows that 

[ [Z(t h )}A...A[Z(t ik )}Auj n - k = p k [ c 1 (L il ,h il )A...Ac 1 (L ik ,h ik )Au; n - k >p k e k [ u n . 

J X J X J X 

So Z(tif) fl... fl Z(t ik ) 0, hence it has pure dimension n — k. □ 

4. Convergence speed towards intersection of Fubini-Study currents 

In this section we rely on techniques introduced by Dinh-Sibony liDSll . based on the 
notion of meromorphic transform, in order to estimate the speed of equidistribution of 
the common zeros of m-tuples of sections of the considered big line bundles towards the 
intersection of the Fubini-Study currents. We then prove Theorem II.21 

4.1. Dinh-Sibony equidistribution theorem. A meromorphic transform F : X — Y 
between two compact Kahler manifolds (A", u>) of dimension n and (Y, uy) of dimension 
m is the data of an analytic subset rclx Y (called the graph of F) of pure dimension 
m + k such that the projections ni : X x Y —> X and tt 2 : X x Y —> Y restricted 
to each irreducible component of F are surjective. We set formally F = n 2 o (zri| r ) —1 . 
For y e Y generic (that is, outside a proper analytic subset), the dimension of the fiber 
F~ 1 (y) \= 7Ti(7r^ _1 | r (2/)) is equal to k. This is called the codimension of F. We consider two 
of the intermediate degrees for F (see HDSL Section 3.1]): 

d(F):= f F*(tu?)Auj k and 5{F) := [ F^' 1 ) Aw fc+1 . 

J x J x 

By liDSl Proposition 2.2], there exists r := t(Y,ujy) such that for every positive closed 
current T of bidegree (1,1) on Y with ||T|| = 1 there is a smooth (1, l)-form a which 
depends uniquely on the class {T} and a quasiplurisubharmonic (qpsh) function ip such 
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that — ru>Y < a < ru Y and dd c p — T = a. If Y is the projective space P* equipped with 
the Fubiny-Study form cu FS , then we have r(P^,a; FS ) = 1. Consider the class 

Q(Y,uy) := {p qpsh on Y, dd c p > — r(Y, uj y )uj y } . 

A positive measure p on Y is called a BP measure if all qpsh functions on Y are integrable 
with respect to p>. When dim Y — 1, it is well-known that p is BP if and only if it admits 
locally a bounded potential. The terminology BP comes from this fact (see HDSIO . 

If p is a BP measure on Y and i el, we let 


R(Y, uyi p) '■= sup \ max p : p 6 Q(Y,oj y ), 


ip dp = 0 


>Y 


A (Y,ui Y ,p,t) := sup < p(p < ~t) : <p £ Q(Y, u Y ), / ip dp = 0 


>Y 


Let be a sequence of meromorphic transforms from a compact Kahler manifold 
(X, u) into compact Kahler manifolds (X p , uj p ) of the same codimension k, where X p is 
defined in (ED . Let i/ p be a BP probability measure on X p and = fl p >i v y be the product 
measure on Q := n p >i ^p- F° r ever y P > 0 and e > 0 let 

E p (e):= (J {x p 6X p : |(t;(4 p )-*>p).^| ><i(tp)4, 

2<1 


where S Xp is the Dirac mass at x p . Note that $*(<5^) and are positive closed currents 


of bidimension (k, k ) on X, and the former is well defined for the generic point x p e 
X p (see [DSl Section 3.1]). Now we are in position to state the part which deals with 
the quantified speed of convergence in the Dinh-Sibony equidistribution theorem IDS . 
Theorem 4.1]. 


Theorem 4.1 ( HDSl Lemma 4.2 (d)]). In the above setting the following estimate holds: 

Up ( Ep (£)) A A (Xp, OJpi Up, Tje^p , 
where rj £jP £<5(4>p) _ 1 (i(4>p) — 3 R(X p ,u} p , v p ). 

4.2. Equidistribution of pullbacks of Dirac masses by Kodaira maps. Let (A", oj) be 

a compact Kahler manifold of dimension n and (L k ,h k ), 1 < k < m < n, be singular 
Hermitian holomorphic line bundles on X such that h k is continuous outside a proper 
analytic subset Y(h k ) c X, c\{L k , h k ) > eu on A" for some e > 0, and X(/ii),..., S(/i m ) 
are in general position. Recall from Section |T] that 

OO 

Xp := P H° 2) (X, L{) x ... x P H° 2) (X, ISJ , (Q, (Too) := Y[(X p , (Jp ), 

p= i 

where the probability measure a p is the product of the Fubini-Study volume on each 
factor. From now on let p e N be large enough. Fix an orthonormal basis {5^}^=o as 
in d 8 D and let § k)P : A" —-> P dk ’P be the Kodaira map defined by this basis (see (O). 
By (TTT1) we have that <F£pa; Fg = y^p, where 7 k)P is the Fubini-Study current of the space 
H^(X, L p k ) as defined in (fTOD . 
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We consider now the Kodaira maps as meromorphic transforms from X to PifL (A", L p k ) 
which we denote still by : X —-> ¥H^(X, L p k ). Precisely, this is the meromorphic 
transform with graph 

r\p = {(#, s) G X x FH^(X, L p k ) : s(x) = 0}, 1 < k < m. 

Indeed, since dim A, L p k ) > 2 (see e.g. Proposition 14.71 below), there exists, for every 
x G X, a section s G H^(X, L p k ) with s(x) = 0, so the projection —* A" is surjective. 
Moreover, since L p k is non-trivial, every global holomorphic section of L p k must vanish at 
some x G X, hence the projection r fcp —> PifL(A, L p k ) is surjective. Note that 

9 k:P (x) = { S € Pi/,° 2) (V LI) : *(*) = 0}, = {x 6 X : *(*) = 0} . 

Let $ p be the product transform of , <b m)P (see HDSL Section 3.3]). It is the mero¬ 

morphic transform with graph 

(15) T p {(•£) ..., Spm) G A x Xp . Spi(x) ... Sp m (x ) Oj’ . 

By above, the projection Lb : T p —* X is surjective. The second projection U 2 : T p —* X p 
is proper, hence by Remmert’s theorem n 2 (rp) is an analytic subvariety of X p . Proposition 
I3.3l implies that n 2 (r p ) has full measure in X p , so n 2 is surjective and $p is a meromorphic 
transform of codimension n — m, with fibers 

*hp (sp) \x G A . Spi(x) ... Sp m (ic) 0}, where s p (spu ■ ■ ■ ■ s prri ) G X p . 

Considering the product transform of any &i 1:P ,..., 1 < ii < ... < i k < m, and 

arguing as above it follows that, for s p = (s pl ,..., s pm ) G X p generic, the analytic sets 
{spi = 0},...,{sp m = 0} are in general position. Hence by IID5L Corollary 2.11] the 
following current of bidegree [m, m) is well defined on X : 

$;(<U = [Sp = 0] = [s pl = o] A ... A [s pm = 0] = $],p(<5 Spl ) A ... A . 

The main result of this section is the following theorem. 

Theorem 4.2. Under the hypotheses of Theorem II .21 there exist a constant f > 0 depending 
only on m and a constant c = c( X, L i, hi,, L m , h m ) > 0 with the following property: For 
any sequence of positive numbers {A p }p>i with 

lim inf > (1 + £n)c, 

P^-OO log p 

there are subsets E p c X p such that 

(a) ap(Ep) < cjf n exp(—A p / c) for all p large enough; 

(b) ifsp eXp\E p we have that the estimate 

— ([ s p = 0] — 7i,p A ... A 7 m ,p , f) 

holds for every (n — m,n — m) form <f> of class c € 2 . 

In particular, for -a.e. s Gfi the estimate fi^om (b) holds for all p sufficiently large. 


< C— 11011 

p 
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Prior to the proof we need to establish some preparatory results. Let 

diQ p d\ p T ... -|- d mp 

be the dimension of X p and n k be the canonical projection of X p onto its k -th factor. Let 

uj p := c p (tt*u; ps + ... + <,w PS ) , so a p = . 

Here uj fs denotes, as usual, the Fubini-Study form on each factor PH9 2 JX, L p k ), and the 
constant c p is chosen so that a p is a probability measure on X p , thus 


(16) 


( c p) 


,p _ 


d. 


o , p - 


d , I d ' 

Lemma 4.3. There is a constant c 0 > 0 such that c p > c 0 for all p > 1. 

Proof. Fix p > 1 large enough. For each 1 < k < m, let l k := d kiP . Using Stirling’s 
formula t\ « (fle) l \/‘Ixt it suffices to show that there is a constant c > 0 such that for all 

l\i • • • i I'm ^ 1 ) 

h log l\ , , Imloglm 


l°g {h + • • • + l m ) — (^~ 


+ ... + 


+ . . . + l m ll + . . . + l' 

Since the function t ha t log t, t > 0, is convex, we infer that 

l\ + ... + l 


< c. 


h log h + ■ ■ ■ + l m log lm) > “ 


m 


m 


log¬ 


in 


This implies the required estimate with c := login. □ 

Following subsection 14.11 we consider two intermediate degrees for the Kodaira maps 




d v = d(%)I 


ix 


and S p = 8($ p ) := I %{u d p ° 
J x 




The next result gives the asymptotic behavior of d p and 5 P as p —> oo. 

Lemma 4.4. We have d p = p m \\c 1 (Li, hi) A ... A ci(L m , h m )\\ and 


5 P = 


p 


m —1 


E 


d 


k,p 


__ , A 

- CLf) 

k =1 u,p 1=1,tyk 


< Cp 


m— 1 


where C > 0 is a constant depending on ( L k , h k ), 1 < k < m. 

Proof. We use a cohomological argument. For the first identity we replace u p °' p by a Dirac 
mass S s , where s := (s 1; ..., s m ) e X p is such that {si = 0},..., {s m = 0} are in general 
position, so the current $*(5 S ) = [si = 0] A ... A [s m = 0] is well defined (see Proposition 
13.31) . By the Poincare -Lelong formula IMM1. Theorem2.3.3], 

[s k = 0] = pci(L k , h k ) + dd c log \s k \ hkp , 1 < k < m. 

Since the current ci(L 1 ,/i 1 ) A ... A ci(L m ,/i m ) is well defined (see Proposition 13.11) it 
follows that 


%(S s )Au J n - m = p m / 6 1 A...A6 rn Atu n - m = p m / c 1 (L 1 ,h 1 )A...Aci(L m ,h m )Au J r 


i x 


’ X 


lx 
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where 9 k is a smooth closed (1,1) form in the cohomology class of ci(L k , h k ). Thus 


d p = / / %(6 a )Au n - m =p m \\c 1 {L 1 ,h 1 )A...Ac 1 (L m ,h r , 


ix 


IX 


For the second identity, a straightforward computation shows that 


u. 


do ,p 1 _ 




r,do,p 1 


(do, p — 1 )! 


( 1. I (fj. —ip /7 i 1 


7 T*u dl ' p A ... A nluj dk ’ p 1 A ... A n*u d ™' p . 

FS K FS ™ FS 


fe=l 


Using (fT 6 l) and replacing (resp. uA^ x ) by a generic point (resp. a generic complex 
line) in P// ( ° 2) (X, L p k ), we may replace cu p 0,p_1 by a current of the form 


m , 

71 := X] —[{si} X . . . xV k X . . . X {s m }]. 

k= l c p®0 ,p 

Here, is a generic complex line in P H^(X, L p k ) and (sj.,..., s m ) is a generic point in 
X p . The genericity of V k implies that $* kp (V k ) = X, so 


$*([{si} x ... x V k x ... x {s m }]) 

The Poincare-Lelong formula yields 


m 

A N = °l- 

1=1,iyk 


<r;([{ Sl } x ... x V k x ... x {s m }])|| = p m ~ l 


A ci(L t ,hi) 


i=i,tyk 

Since <5 p = ||$*(T)||, the second identity follows. Using Lemma R~3l this yields the upper 
bound on 5 P . □ 


Lemma 4.5. For all p sufficiently large we have $*(cr p ) = 71 p A ... A y miP . 

Proof. Let us write X p = X lp x ... x X mp and a p = a ljP x ... x cr mp , where X kp = 
P H^{X,L p k ) and a k)P is the Fubini-Study volume on X k)P . Recall that the meromorphic 
transform <1> P has graph T p defined in (fT5l) . and ITi : T p —» X, U 2 : T p —> X p , denote 
the canonical projections. By the definition of $*(cr p ) (see (DSl Sect. 3.1]) we have 

($*((j p ),0) = / n](0)An; (a p ) = f n 2 *n*(^) a a p = j ([s p = o]»dcr p (s p ), 

d Tp d Xp d 

where <f is a smooth (n — m, n — m) form on X. Thanks to Propositions 13.II and 13.21 we 
can apply [CMl, Proposition 4.2] as in the proof of I CMl . Theorem 1.2] to show that 


= 


'Xr, 


I X„ 


ix ltP 


IX 2. 


([■5pi] 0] A ... A [s pm 0], 0) dcri p (s p i) ... da m ^ p {s prn ) 

> 

(T^IjP A [^ 2 ] 0] A ... A [<Spm 0], (j)) d(J2^p(^Sp2^) • • • 


. . . (Tl,p A ... A r /rn,pi 0) • 

This concludes the proof of the lemma. 


□ 
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Lemma 4.6. There exist absolute constants Ci,a > 0, and constants C 2 , a', £ > 0 depending 
only on m > 1, such that for all £,£i,... ,£ m > 1 and t > 0, 


R(¥ e ,uj FS ,uj e FS ) < l(l + log£), 

A(PV FS ,u4,t) < C\£e ~ at , 

r(P £l x...xP'",u MP ) < r(£ u ..., £ m ) := max , 

1 <k<m 

R(F^x...xF £ -,co MP ,co d Mp ) < C 2 r{£ 1 ,...,£ m ){l + log d), 

A(P £l x ... x < c 2 d^e- a,t ^ h ’- M , 

where 

d = £ 1 + ...+ £ m , uj mp := c(vr*(u; FS ) + ... + < n (cu FS )) , c~ d = 


so ix d is a probability measure on P £l x ... x F £m . 


Proof. The first two inequalities are proved in Proposition A.3 and Corollary A.5 from 
llDSll . If T is a positive closed current of bidegree (1,1) on P £l x ... x P £m with ||T|| = 1 
then T is in the cohomology class of a = ai 7 r*(a; FS ) + ... + a m 7 r^(a; FS ), for some a k > 0. 
Hence 

0 < a < ( max — ) cd . 

I l<fc<m C 1 


Now 


i = mi = 


a A oj dl = 


m 


k =1 


cd 


so a k /c < d/£ k . Thus r(F £l x ... x P £m ,a; MP ) < max!< fc < m j-. The last two inequalities 
follow from these estimates by applying HD SI Proposition A. 8 , Proposition A.9]. □ 


We will also need the following lower estimate for the dimension d ktP . 

Proposition 4.7. Let (X, c u) be a compact Kahler manifold of dimension n. Let (L, h) —> X 
be a singular Hermitian holomorphic line bundle such that ci(L, h) > eu for some e > 0 and 
h is continuous outside a proper analytic subset of X. Then there exists C > 0 and p 0 e N 
such that 

dim H(. 2 )(X, L p ) > Cp n , Vp > po- 

Proof. Let £ c X be a proper analytic set such that h is continuous on X \ S. We fix 
x 0 e X \ £ and r > 0 such that B(x 0 ,2r) D £ = 0. Let 0 < X < 1 be a smooth cut¬ 
off function which equals 1 on B(x 0 ,r) and is supported in B(x 0 ,2r). We consider the 
function f> : X —* [— oo, oo), f}{x) = r)x( x ) log \ x ~ £o|> where p > 0. 

Consider the metric h 0 = hex p(—■0) on L. We choose 77 sufficiently small such that 

ci(L, h 0 ) > -lu on X. 
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Let us denote by X(h p ) the multiplier ideal sheaf associated to h p . Note that H® 2 JX, L p ) = 
H°(X, L p ® Z(h p )). The Nadel vanishing theorem ItPBl [NH shows that there exists p 0 e N 
such that 

(17) H\X,L p ®l(h p 0 )) = 0, p > p 0 . 

Note that I(h p ) = X{h p ) <g )Z(jrtp). Consider the exact sequence 

(18) 0 -> L p ® Z(h p ) ® Xipij}) ->L P ® X{h p ) ^L p ® X(h p ) ® O x /X{pip) —>■ 0 . 

Thanks to (H71) applied to the long exact cohomology sequence associated to (fT 8 l) we 
have 

(19) H°(X, L p ® X(/X)) tf°(X, L p ® X(/r p ) ® O x /Z(p^)) 0 , p > p 0 . 

Now, for x 7 ^ x 0 , X(p?/>)x = (9 A > hence O x . x /Z(pf) x = 0. Moreover Z(h p ) XQ = O x . Xo since 
h is continuous at x 0 . Hence 

h °{ x , /." ® x(W) ® Ox/iw)) = ® x(fc-) w ® o^/xw), 

UJ ' = t ? 0 ® 

SO 

(21) W°(X, L p ® Z(h p )) -7 X^ o ® O x . X0 /Z(jnp) X0 -7 0 , p > p 0 . 

Denote by M X:Xo the maximal ideal of C>x ]Xo (that is, germs of holomorphic functions 
vanishing at x 0 ). We have X(pfj) xo c and dim (9 a> 0 /A4 ^ 0 = ( fc +"), which 

together with (12H) implies the conclusion. □ 


Proof of Theorem 14.21 We will apply Theorem 14. II to the meromorphic transforms <I> P from 
X to the multi-projective space (X p ,a j p ) defined above, and the BP measures v v := a p on 
X„. For teR and £ > 0 let 


( 22 ) 


Rp . X(Xp, CCp, (Tp) , Ap(f) . A(Xp, (Dp, CXp, t) , 

E p (e) : = (J {s G Xp : |([s = 0 ] - 71, p A ... A 7 m ,p , f)\ > d p e} . 


<1 


It follows from Siegel’s lemma 1 MM1 , Lemma 2.2.6] and Proposition [43 that there exists 
C 3 > 0 depending only on ( X , L k , h k )i< k < m and p 0 e N such that 

P n /C 3 < d k)P < C 3 p n , p > p 0 , 1 < k < m. 

By the last two inequalities in Lemma [4761 we obtain for p > p 0 and t > 0, 

R p < mC 2 Cl( 1 + log(mC' 3 p n )) < C 4 logp, 

(23) 


A pit) < C 2 {mC 3 p n f exp < C 4 p‘ 


£n e ~t/C 4 


where C 4 is a constant depending only on (X, L k , h k ) i< k < m . Now set 

£ p . Ap/p , Pp . Epdp/5 p 3R p . 

Lemma [4741 implies that « p m , < p m_1 , so 

Vp > C 5 Xp - 3C 4 logp, p > Po , 
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where C 5 is a constant depending only on (. X, L k , h k )i< k < m . Note that for all p sufficiently 
large, 

C A 

ri p > — A„ , provided that lim inf — — > 6C4/C5 . 

2 p->oo logp 

If E p = E v (e p ) then it follows from Theorem 14. II and Lemma 1431 that for all p sufficiently 
large 

a P (E v ) < A p(r) p ) < C 4 p ?n exp ( 

where for the last estimate we used (1231) . Let 

( 6C 4 2C 4 ^ „ tT , , , T , , M \ 

c = max I + j-r , — ,C 4 , ||ci(Li, hi) A ... A c 4 (L m , fe m )|| 1 . 

If lim inf p ^ 00 (Ap/ logp) > (1 + £n)c then for all p sufficiently large 

a p (E„) < C 4 p«”exp (AA) < C p<”exp (Ae). 

On the other hand we have by the definition of £ p that if s p e X p \ i? p and 0 is a (n — 
m,n — m) form of class fo 2 then 


1 

p m 


([Sp 


0] Tl ,p A ... A r )m,p t 0) 


< <A|WI 


p" u p 


p 


In the last inequality we used the fact that d p < cp m by Lemma 1341 
For the last conclusion of Theorem 14.21 we proceed as in [DMM, p. 9]. The assumption 
on A p / log p and (a) imply that 


p= 1 p =1 


— < oc 
pn 


for some c' > 0 and 77 > 1. Hence the set 

E := {s = (s 4 , s 2 ,...) G H : s p e E p for infinitely many p} 
satisfies a^E) = 0. Indeed, for every N > 1, E is contained in the set 
{s = (si, s 2 ,.. .) G H : s p e E p for at least one p > A}, 
whose croo-measure is at most 

OO OO ^ 

5 > p (£y<c']T ——> 0 as N -a 00 . 

p=N p=N ^ 


The proof of the theorem is thereby completed. 


□ 


Proof of Theorem [731 Theorem 11.21 follows directly from Theorem 14.21 and Proposition 
1331 imh □ 
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5. EQUIDISTRIBUTION WITH CONVERGENCE SPEED FOR HOLDER SINGULAR METRICS 

In this section we prove Theorems ll.4l and ll.5l We close with more examples of Holder 
metrics with singularities. Theorem 11.41 follows at once from Theorem 14.21 and the next 
result. 

Theorem 5.1. In the setting of Theorem 11.41 there exists a constant c > 0 depending only 
on ( X , Li, hi, ..., L m , h m ) such that for all p sufficiently large the estimate 


^ m m 11 

(— A 7fc ’P - A c i(Lk,hk),4^ <c(-^ + - logdist(suppdcf0,E) ) 11011^2 
P i—i i —i P P 


k =1 


k =1 


holds for every (ri — m,n — m ) form <f> of class c & 2 which satisfies dd c <f> = 0 in a neighborhood 
o/E. 

Proof If 0 is as in the statement, then using Proposition 13.11 and (fT3l) we can write 

1 


m /\ Cl(Tfc, hk ), (p) — Ik 1 


P 


k =1 


fc=l 


k =1 


where 


Tfc+l ,p ^ ^ lm,p 


P 


h = (ci{Li,hi) A ... /\ci{L k _i,h k -i) A - Ci(L fc ,/r fc )j A 

/ t t u \ a a a r r \ A -ffc, p , 7fc+l,p A . '~Ym,p ,\ 

= (ci(Li,hi) A ... A Ci(L fc _i, hk~i) A--- £ A-- A ... A-- , 0 ). 

\ 2 p p p / 

Since log Pk )P is continuous on supp dd c f we have 

h = (ci{Li, hi) A ... A Ci(L fc _!, hk-i) A 7/u+1,p 


P 


A ...A^,^^dd c A 

p p 2p / 

By (TT3l) the masses of ^ and ci(Z^, hg) are equal. Moreover, by Theorem 12.11 there exist 
a constant c' > 1 and p 0 £ N such that for all z <G X \ E and all p > p 0 one has 

—c < log P ktP < c log p + d I logdist(z, E)I , 1 < k <m. 


It follows that 

| 4 |<£(Tl£ + I 

m\p p 

with some constant c = c(X, Li,h\,..., L m , h m ) > 0, and the proof is complete. 


log dist (supp dd c (j), E) ) || 0||^2 , Vp > p 0 ,1 < A; < m , 


□ 


Finally, we turn our attention to the proof of Theorem 11.51 To this end we need the 
following: 

Theorem 5.2. Let (X,lo) be a compact Kahler manifold of dimension n and (. L,h ) be a 
singular Hermitian holomorphic line bundle on X such that h is Holder with singularities 
in a finite set E = {aq,..., xj } C X, and ci(L, h ) > elo for some e > 0. Let y p be the 
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Fubini-Study current of H^(X, L p ) defined in (TTOl) . Then there exist a constant C > 0 and 
p 0 G N which depend only on (A", c o, L, h) such that 



ci(L,h) 



. n log p 

- C pl/3 


for every p > p 0 and every function x of class on X. 


Proof Throughout the proof we will denote by C > 0 a constant that depends only on 
(A, cj, L, h ) and may change from an estimate to the next. Let r G (0,1) be a number to 
be chosen later such that there exist coordinate balls B(x v 2 r) centered at Xj,l < j < J, 
which are disjoint. Let 0 < < 1, 1 < j < J, be a smooth function with supp \j C 

B( Xj , 2r), X j = 1 on B( Xj ,r), and set X o = 1 - £/=i A- Then 

(24) llXilk- < C'/r 2 , 0 < j < J , 

for some constant C > 0 . 

Let now y be a function of class c <o 2 on A". Using its Taylor expansion near xj we have 

|y(x) — x( x j )I < Cr||x||^i fora; G B(xj,2r), hence 

(25) | x (x) Xj 0) - X) Xj (x) | < Cr 11 x 11^ Xj ( x ), V x G A . 

If P p is the Bergman kernel function of the space L p ) defined in d4j) then using 

(Il3l) we obtain 


- 7 p n - Ci(L, /r) n = - dd c log P p A R p , 


n— 1 


where R p = 

e=o 


n—l—l 


A Ci(L, /i) £ . 


Using a similar argument to that in the proof of Proposition 13.11 one shows that all of 
these currents are well defined (see also 1ICM11 Lemma 3.3 and Remark 3.5]). Moreover, 


ll-Rpll = [ R p Au — n ( a(L, h) n 1 Au , [ = f a(L, h) n . 

Jx J X Jx P J X 

Set X r — X \ U/=i B{xj, r). By Theorem 12.11 there exist C > 0 and p 0 depending only on 

(A", u>, L, h ) such that for p > p 0 , 


(26) || log Pp 11 ^00 ( x r) < C(logp - logr). 

Since R p is closed we have 


(27) 



-cjLxr) = 

(Tt p "-c i(£,ft)”). 


Note that xo 
(28) 


0 on U/=i B(xj, r ), so we deduce by (l24l) and (l26l) that 


1 

2p 


(log Pp)R p A dd c (xx 0 ) 


Ly 


< 


gllxlh 


(logp — logr) 
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For j > 1 we obtain using 


IX 


XXj — Ip -ci(L,/i) ? 


P 


< 


ix 


x('Xj)Xj — Ip -ci(L,/i) 


P 


+ 


+ / |XXj - x(®j)XjI hr Ip + Ci(L, h) 


ix 


P 


< 


Ix0j)l 

2 p 


ix 


(log P p )R p A dd c Xj 


+ Cr\\x\W* 


Since dd c \j is supported on X r we use again (|24l) and (l26b to get 


(29) 


/ XXi , , P 

/a VP 




< 


elixir 


pr- 


(logp- log r) + Cr ||x||^ 2 , 


for 1 < j < J. By (127b , (128b . (|29b we conclude that 


x (-^- Cl (L,hy 


/ ^ 1 , I, log p — logr 

< c'llxlk- — — 2 — + r 


Ix \P 

The proof is finished by choosing r = p~ l P in the last estimate. 


□ 


Proof of Theorem [131 This follows directly from Theorem 15.21 and Theorem 14.21 Indeed, 
one applies Theorem 14.21 with m = n, (L k , h k ) = (L, h), and for the sequence \ p = 

(2 + £n)c log p. □ 


Let us close the paper with more examples of Holder metrics with singularities. 

(1) Consider a projective manifold X and a smooth divisor £ c X . By IlKol TY], if 
L = K x <£> £?*(£) is ample, there exist a complete Kahler-Einstein metric wonM:=I\S 
with Ric^ = — u. This metric has Poincare type singularities, describe as follows. We 
denote by D the unit disc in C. Each £ e £ has a coordinate neighborhood U x such that 

U x = x = 0, U x n £ £* {z = (z x ,..., z n ) : z x = 0}, (7 X n M ~ D* x P™" 1 . 

Then u — ~ Y^k=i djkdzj A dz k is equivalent to the Poincare type metric 


1 dz\ A dzi 

2 |zi| 2 (log |^i| 2 ) 2 



dzj A dzj . 

3=2 


Let a be the canonical section of ^_ Y (£) (cf. 1IMM11 p. 71]) and denote by h a the metric 
induced by a on (cf- IMM 1, Example 2.3.4]). Note also that ci (£?*•(£), h a ) — [£] 

by HMM11 (2.3.8)]. Consider the metric 

(30) h M ,a ■— h Ku ® h a on L \ M = K M ® &x(JP) \ M = Km- 

Note that L is trivial over U x and the metric Pm, a has a weight <p on U x Cl M = P* x P" -1 
given by e 2 ^ = \zi\ 2 det[g jk }. So dd c p = —^Ric^ > 0 and <p is psh on U x n M. We 

see as in HCM11 Lemma 6 . 8 ] that tp extends to a psh function on U x , and 1iM,a extends 
uniquely to a positively curved metric h L on L. By construction, h L is a Holder metric 
with singularities. 
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(2) Let us specialize the previous example to the case of Riemann surfaces. Let X be a 
compact Riemann surface of genus g and let £ = {pi,... ,p d } cl. It is well-known that 
the following conditions are equivalent: 

(i) U — X \ £ admits a complete Kahler-Einstein metric uj with Ric^ = — uj, 

(ii) 2g — 2 + d > 0 , 

(iii) L = K x ® G x ;(£) is ample, 

(iv) the universal cover of U is the upper-half plane H. 

If one of these equivalent conditions is satisfied, the Kahler-Einstein metric uj is induced 
by the Poincare metric on H. In local coordinates 2 : centered at p e £ we have c 0 = 
^gdz A dz where g has singularities of type |z| _2 (log \z\ 2 )~ 2 . Note that uj extends to a 
closed strictly positive (1, l)-current on X. By HCMll Lemma 6 . 8 ] there exists a singular 
metric h L on L such that ci(L, h L ) = d-uu on A". The weight of h L near a point p e £ has 
the form <p = | log(\z\ 2 g), which is Holder with singularities. 

(3) Let X be a complex manifold, (L, h^) a holomorphic line bundle on A" with smooth 
Hermitian metric such that ci(L, h^) is a Kahler metric. Let £ be a compact divisor with 
normal crossings. Let £ 1 ,..., £jv be the irreducible components of £, so £j is a smooth 
hypersurface in X. Let Oj be holomorphic sections of the associated holomorphic line 
bundle G x (T,j) vanishing to first order on £ 5 - and let | • \j be a smooth Hermitian metric on 
G x {Jlj) so that \(Tj\j < 1 and \aj\j = 1 /e outside a relatively compact open set containing 
£. Set 

1 N 

Os = ^ + ddd c F, where S > 0 , F — — - ^ log(— log \(Jj\j). 

3 = 1 

For d sufficiently small @5 defines the generalized Poincare metric 1 MM1 . Lemma 6.2.1], 
1 CM1 , Section 2.3]. For e > 0, 


N 

he = log\aj\jY 

3 = 1 

is a singular Hermitian metric on L which is Holder with singularities. The curvature 
c\(L, hi;) is a strictly positive current on X, provided that £ is sufficiently small (cf. HMMll 
Lemma 6.2.1]). When X is compact the curvature current of h £ dominates a small mul¬ 
tiple of Os on X \ £. 

(4) Let A" be a Fano manifold. Fix a Hermitian metric h 0 on K^ 1 such that uj 
ci(A' y 1 , h 0 ) is a Kahler metric. We denote by PSH(X,u >) the set of cu-plurisubharmonic 
functions on A". Let £ be a smooth divisor in the linear system defined by K x e , so there 
exists a section s e H°(X, K x e ) with £ = Div(s). 

Fix a smooth metric h on the bundle G x •(£) and let jS e [0,1). A conic Kahler metric uj 
on X with cone angle (3 along £, cf. UDoL IT2 I. is a current uj = = uj + dd c ip e ci(X) 

where <p — ij> + \s\fj 3 e PSF[(X,uj ) and i{j e ^°°(A") D PSH{X,uS). In a neigbourhood 
of a point of £ where £ is given by z\ = 0 the metric uj is equivalent to the cone metric 
\{\zi\ 2l3 ~ 2 dzi A dzi + d z j h dzj). 
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The metric u) defines a singular metric ha on K^ 1 which is Holder with singularities. 
Its curvature current is Rico := c\ (K^ 1 , ha) = (1 — £/3)u) + (3[T,\, where [£] is the current 
of integration on S. 
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